The quantization of the electrical charge in the electrodynamics and of the hypercharge in the standard model are imposed in the theory based not on theoretical arguments but on the experimental observations. In this paper we propose a quantum consistency condition in a theory where Ward identities are respected that requires the quantization of the charge within the framework of the theory without external impositions. This refers to the renormalization conditions in the background gauge field method such that to ensure a correct mathematical correspondence between the bare partition function and the renormalized one. Applied to the standard model of elementary particles our criterion together with the anomaly cancellation condition leads to the correct hypercharge assignment of all standard model fermions.
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I. INTRODUCTION
The standard model of elementary particles [1] - [7] is one of the most successful theories in physics with a tremendous amount of experimental confirmation culminating with the discovery of the Higgs boson by the Atlas [8] and CMS [9] experiments. However no indication of beyond of the standard model particles or interactions has emerged in almost a decade of LHC collecting data. Issues like baryon asymmetry in the Universe, the nature and properties of neutrinos, dark matter or dark energy have remained largely unresolved.
Some particular properties of the standard model had to be established phenomenologically in the absence of any confirmed UV completion of this theory. Among the facts confirmed experimentally with great accuracy but theoretically not justified is the quantization of the elementary charge. In practice we know at least two instances when the quantization of the electrical charge is emergent in a theory. The first is very old and stems from Dirac who showed that in a theory with a magnetic monopole the electrical charge is quantized. The second is somehow more recent and refers to the embedding of the abelian gauge group in a larger non-abelian one like SU (5) such that the spontaneous breaking of the symmetry leads naturally to the abelian group.
In this paper we will explore a possibility never discussed in the literature to our knowledge, namely the fact that the quantization of the abelian charge can be an intrinsic property of the model (or derived within the model) if some consistency condition between the bare and renormalized partition functions is imposed. In section II we will show that for simple electrodynamics such consistency condition requires that all charged fermions have the same absolute charge. In section III we will apply the same procedure to the standard model fermions to obtain that this together with the cancellation of all anomalies associated with the hypercharge not only leads to the correct hypercharge assignment of all standard model fermions but also to a confirmation of these. Section III is dedicated to a general overview and discussion. The adequate conclusions are drawn.
II. QUANTIZATION OF THE ABELIAN CHARGE
We start from an abelian gauge theory, for simplicity denote this QED, with a set of fermions of different charges:
Next we consider the following change of variables:
where α is a constant parameter and B ν is a background gauge field. The transformation in Eq. (2) is first regarded just as a shift of variables and does not change the variable of integration in the partition function. In terms of the new variable the Lagrangian will become:
Now we consider two one particle incoming and outgoing fermion states which may be of any flavor in the model (for simplicity we denote them generically) with the same four momentum p µ denoted by |p ′ and p|. We are interested in the matrix element:
where S is the S matrix. It is evident that:
because the whole thing amounts to the equation of motion which is zero by the Dyson Schwinger approach. The following term in the matrix element in Eq. (5):
can be easily computed because is just the definition of the electromagnetic vertex (for details see [10] ). Here the charge Q corresponds to the external fermions and the contribution by other species of fermions is zero. This can be easily seen from the first term on the right hand side of the first line of Eq. (5) by simply applying the LSZ theorem. The next step is to determine the contribution:
besides the obvious approach involving the transfer of the gauge boson states outside through the LSZ theorem.
For that let us start with the same matrix element for an arbitrary α namely:
We make a change of variables in the associated S matrix
Then there is a contribution coming from the jacobian of the change of variables that we denote by J(g). We consider the matrix element:
where S ′ is the S matrix in the new variables, and differentiate with respect to g:
Here we used the fact that the external states are independent of the coupling constant g. From Eq. (10) one may derive:
or,
Let us discuss each of the three terms on the right hand side of Eq. (12). First we will give the results and then establish in what context these results are valid. The first term is:
For the massless fermions with the same momenta the normalization of states is given by p|p
where for simplicity we omitted the spin) and thus is independent of the species of fermions. This term is then flavor independent.
The third term on the right hand side of Eq. (12) yields:
and consequently this term is also independent of the fermion flavor. The second term on the right hand side of Eq. (12) is:
Here in the second and third lines we performed the change of variable in the S matrix G ν = A ′ν + αgB ν . The matrix element will thus be taken on states with α = 0 and thus one can safely redefine G µν = F ′ µν (Note that there is an extra contribution of order α 2 which is zero in the limit considered). We add Eqs. (13), (14) and (15) and use Eq. (12) to obtain:
Thus the matrix element in Eq. (12) is independent of the fermion species. Here in the final result of the right hand side we made a change of variable back to A µ in the partition function.
From Eq. (5), (6) and (16) we determine:
where the right hand side is independent of the fermion species and the left hand side contains a particular charge Q. We used the absolute value because the sign of the limit in Eq. (16) is undetermined depending on the particular sign of the parameter α around zero. The conclusion that imposes itself is that in order for the theory to be consistent the renormalized charge of all fermion species in the model is not only quantized but can take only the values ±1.
Note that in the discussion we omitted beforehand the particles that do not interact with the gauge field as they are decoupled from the theory. Our result is not valid if the theory contains other interactions of the gauge fields. It is thus absolutely necessary for the gauge field to interact only with the charged fermions.
It seems that such a drastic result cannot be true. Indeed there is an underlying assumption substantiating it. It refers to all equations starting from Eq. (12) to Eq.(16). If α is zero in the S matrix beforehand then the renormalized theory follows the standard rules. However if α = 0 as it is in the matrix elements in the equations mentioned then we have a theory with a background gauge field. Then the renormalization of the theory is different, the renormalization constants are also different. All the operations we performed are in general not consistent in the renormalized perturbation theory. Note that in our calculations we assumed that one can trade the bare theory with the renormalized one without altering the final results. Here we shall make the following crucial assumption that regulate all the possible inconsistencies that may appear in our approach: that the parameter α gets renormalized such as to cancel the renormalization of the coupling constant. This amount to asking αg = α r g r where the index r denotes the renormalized quantity. We claim that this assumption is necessary for the bare theory to be at least mathematical compatible to the renormalized one. Then the background gauge theory is renormalized exactly as the theory with B µ = 0 and all procedures and operations we performed are consistent both in the bare and renormalized theory. In conclusion our condition of renormalization is equivalent to the quantization of charge of an abelian theory, fact verified for all phenomenological theories.
III. QUANTIZATION OF THE HYPERCHARGE
In this section we will apply the results of section II to the standard model fermions. Since after spontaneous symmetry breaking the fermions gain masses and also the electromagnetic field interacts with other gauge bosons we cannot apply our procedure to the electromagnetic charge. However our method can be easily implemented for the hypercharge group U (1) Y before spontaneous symmetry breaking.
We start by writing the couplings of the standard model fermions with the hypercharge field through the gauge covariant derivatives. For one generation of fermions this reads:
for the left handed states, and,
for the right handed ones. Here we denoted the hypercharge gauge boson by Y µ and Y L and Y R are the hypercharge assignments of the left handed and right handed states respectively. Of course Y L and Y R takes different values for each species of fermions. We will apply equations (5), (6) and (17) directly noting that the left hand side of Eq. (17) has the same expression and the right hand side will be modified according to:
Here we used the fact that the second term on the second line of Eq. (20) brings no contribution as the associated vertex is zero (this can also be verified by direct calculations).
We make the following notations: Y Le and Y Re for the hypercharges associated to the left and right handed charged leptons respectively, Y Lu and Y Ru for the hypercharges associated to the left and right handed up quarks and Y Ld and Y Rd for the hypercharges associated to the left handed and right handed down quarks.
Then from Eq. (17)with the result in Eq. (20) implemented on the left hand side we derive:
We will make the choice:
for further use (without loss of generality). Note that the correct definition of the hypercharges in the standard model without making any phenomenological assumption is:
where T with a subscript is the third component of isospin. By itself the definition in Eq. (23) does not insure the quantization of the hypercharge or the electric charge and one needs beyond of the standard model physics to explain charge quantization. However the constraint in Eq (21) leads to x = y = z which is all one needs for the quantization of the charges besides the cancellation of the anomalies.
Before discussing the anomalies however let us obtain another relation in our method. We apply again Eq. (17) this time with the matrix γ 5 sandwiched between the external states. We discuss first the right hand side. The γ 5 matrix brings down anomalies in the S matrix when it is associated with a delta function. We briefly review the procedure (for details see [11] ). We start with:
Here D µ is the covariant derivative associated with the fermion corresponding to the external state. We ignore all other gauge interaction and for the quarks we assign definite color index without summation over the color numbers at any stage. Since for the right hand side the S matrix is defined in the background gauge field method we have:
where B µ is the background gauge field. Eq. (24) may be rewritten as:
Here we made a change of variables
. Since Tr[S µν ] = 0 and Tr[S µν γ 5 ] = 0 the γ 5 factor in front will bring down only the square of the last operator in the exponent. Consequently,
It is not necessary to compute the coefficients of the right hand side of Eq. (27) in detail. The result can be written simply as:
where
This result is obvious if one observes that the presence of the γ 5 matrix transforms the vector term into an axial one and the axial one into a vector one.
Collecting the results form Eqs. (28) and (29) one obtains:
where the coefficients A, B, C depend on the background gauge field but not on the fermion species and Eq. (30) is valid for each type of fermions, namely,
Eq. (31) leads immediately to:
It is important to note at this point that what we derived here makes sense only if the Ward identities are respected at each order in perturbation theory. This amounts to asking for the cancellation of all anomalies associated with the hypercharge gauge boson. In what follows we will briefly discuss those (since they are well known we give the final result of the calculation):
a) The anomaly of a U (1) Y gauge boson with two SU (3) gauge bosons require:
This is respected already by the constraint we obtained in Eq. 
c) The gravitational anomaly with a U (1) Y gauge boson requires:
d) Finally the anomaly of three U (1) Y gauge bosons requires:
The system of equations (34), (35) and (36) together with the constraint obtained in this approach in Eq. (22) can be solved and leads to:
where some of the equations are redundant. All other hypercharges can be derived from these again from Eq. 
IV. CONCLUSIONS
In general in electrodynamics or even in the standard model the experimentally observed quantization of charge is implemented by hand. Although this is a feature observed in most theories of this type there is not apparently any intrinsic theoretical reason within the theory to justify the quantization of the abelian charge. Here we propose a consistency condition of the quantum theory that upon satisfying leads to the quantization of charge. This condition is directly connected with the background gauge field method which is often used in physics. There is a known fact that the properties of a system are different in the presence of a nontrivial vacuum or a source. But the background gauge field is just the source associated with the gauge field. In general the system is treated differently in the presence of a background gauge field (as opposed to the absence of it) and also the renormalization conditions and constant are different.
Here we imposed the following consistency condition that in principle relates the bare and renormalized partition functions: the background gauge field gets renormalized exactly as the quantum fluctuations and all renormalizations constants and conditions are the same for both cases. The only difference between the quantum fluctuation and the background gauge field is that the latter is not integrated in the partition function. We thus claim that promoting the background gauge field from a classical field to a quantum one that gets renormalized leads naturally and correctly to the quantization of charge. Of course this is equivalent with the renormalization of the vacuum but this should come as no surprise since it is known that in the standard model effective Higgs potential the classical Higgs in the end receives quantum corrections.
In conclusion we proved that the quantization of charge in electrodynamics is an intrinsic property of the theory if a justified quantum consistency condition is required. Applied to the standard model hypercharge gauge boson our criterion together with the cancellation of the anomalies lead to the correct hypercharge and consequently charge assignment for all the fermions. As opposed to this, note that by itself the standard model does not require the known hypercharge assignment and this is based on experimental observation.
Our method can be used for any gauge abelian sector of a more comprehensive theory as a check of consistency.
